Abstract. We study a class of constant scalar invariant (CSI) spacetimes, which belong to the higher-dimensional Kundt class, that are solutions of supergravity. We review the known CSI supergravity solutions in this class and we explicitly present a number of new exact CSI supergravity solutions, some of which are Einstein.
Introduction
A D-dimensional differentiable manifold of Lorentzian signature for which all polynomial scalar invariants constructed from the Riemann tensor and its covariant derivatives are constant is called a constant scalar invariant (CSI) spacetime. The set of spacetimes with vanishing scalar (curvature) invariants will be denoted by VSI. The set of all locally homogeneous spacetimes will be denoted by Hom. Clearly, both VSI and homogeneous spacetimes are CSI spacetimes; hence, VSI ⊂ CSI and Hom ⊂ CSI.
Recently it was shown that the higher-dimensional VSI spacetimes with fluxes and dilaton are solutions of type IIB supergravity, and their supersymmetry properties [1] were discussed (also see [2, 3] ). In this paper we shall study a (sub)class of CSI spacetimes and determine whether they are solutions of supergravity (and discuss whether they can admit supersymmetries). It is well known that AdS d ×S (D−d) (in short AdS × S) is an exact solution of supergravity (and preserves the maximal number of supersymmetries). Of course, AdS × S is an example of a CSI spacetime [4] . There are a number of other CSI spacetimes known to be solutions of supergravity and admit supersymmetries; namely, there are generalizations of AdS × S (for example, see [5] ), (generalizations of) the chiral null models [6] , and AdS gyratons [7, 8] .
We wish to find a class of CSI which are solutions of supergravity and preserve supersymmetries. Clearly, we seek as general a subclass as possible, but that will include the simple generalizations of the AdS × S and AdS gyratons. There are two possible approaches. In the top-down approach, we can consider a subclass of known CSI spacetimes and investigate whether they can be solutions of supergravity. For example, we could consider product manifolds of the form M × K (where, for example, M is an Einstein space with negative constant curvature and K is a (compact) Einstein-Sasaki spacetime). We could then use previous work to investigate whether such spacetimes are solutions of supergravity and preserve supersymmetries (cf. [9] ). Alternatively, we could use a bottom-up approach in which we build CSI spacetimes using known constructions [4] . Although we are likely to find less general CSI spacetimes of interest, the advantage of this approach is that we can generate examples which by construction will be solutions of supergravity (provided that there are appropriate sources). We shall discuss both approaches below.
The set of all reducible CSI spacetimes that can be built from VSI and Hom by (i) warped products (ii) fibered products, and (iii) tensor sums [4] are denoted by CSI R . The set of spacetimes for which there exists a frame with a null vector ℓ such that all components of the Riemann tensor and its covariants derivatives in this frame have the property that (i) all positive boost weight components (with respect to ℓ) are zero and (ii) all zero boost weight components are constant are denoted by CSI F . Finally, those CSI spacetimes that belong to the (higher-dimensional) Kundt class, the so-called Kundt CSI spacetimes, are denoted by CSI K . We note that by construction CSI R , and by definition CSI F and CSI K , are at most of Riemann type II (i.e., of type II, III, N or O [10] ). In [4] it was conjectured that if a spacetime is CSI, then the spacetime is either locally homogeneous or belongs to the higher-dimensional Kundt CSI class (i.e., CSI K ), and if a spacetime is CSI, then it can be constructed from locally homogeneous spaces and VSI spacetimes 1 . This construction can be done by means of fibering, warping and tensor sums (i.e., CSI R ). Thus, it is plausible that for CSI spacetimes that are not locally homogeneous, the Weyl type is II, III, N or O, and that all boost weight zero terms are constant (i.e., CSI F ).
1.1. Higher-dimensional Kundt spacetimes. The generalized D-dimensional Kundt CSI K metric can be written [4] 
where the metric functions H and W i are given by
(and are subject to further differential constraints) and the transverse metric (where dS
i dx j is a locally homogeneous space) satisfies the Einstein equations (where i, j = 2, ..., D − 2).
VSI spacetimes, with metric ds 2 V SI , are of the form (1) with flat transverse metric (i.e., g ⊥ ij = δ ij ) and the constant σ in (4) is zero (and where the metric functions H and W i satisfy additional conditions) [12] .
For a CSI K spacetime the zero boost weight components of the Riemann tensor, R ijmn = R ⊥ ijmn , where R ⊥ denotes the Riemann tensor components of the transverse metric, are all constant [4] . In general, the Weyl and Ricci types of the CSI K spacetime is II [10] . A CSI K spacetime is of Ricci type III when R 01 = R ⊥ ij = 0, and is of Ricci type N if, in addition, R 1i = 0 (Ricci type O is vacuum).
The higher-dimensional Kundt metric (1) possesses a null vector field ℓ ≡ ∂/∂v which is geodesic, non-expanding, shear-free and non-twisting [13] . The aligned, repeated, null vector ℓ is a null Killing vector (KV) in a CSI K spacetime if and only if H ,v = 0 and W i,v = 0, whence the metric no longer has any v dependence, and ℓ is, in fact, a covariantly constant null vector (CCNV) [12] . In this case the resulting spacetime is a product manifold with a CCNV-VSI Lorentzian piece of Ricci and Weyl type III and a locally homogeneous transverse Riemannian space of Ricci and Weyl type II (in general).
Analysis
is an exact solution of supergravity (for certain values of (D, d) and for particular ratios of the radii of curvature of the two space forms; in particular,
where M is an Einstein space and K is compact (e.g., a sphere, or a compact Einstein space). We can ask: What are the most general forms for M and K such that the resulting product spacetime is an exact solution of some supergravity theory (for a particular dimension, and any particular fluxes)? In particular, for (D, d) = (11, 4), (11, 7) and (5, 5) it is sufficient that M and K are Einstein. Since M × K is a Freund-Rubin background, then if M is any Lorentzian Einstein manifold and K is any Riemannian Einstein manifold (with the same ratio of the radii of curvature as in the AdS × S case), then M × K is a solution of some supergravity theory (not worrying about whether the solution preserves any supersymmetry at the moment). The fluxes are given purely in terms of the volume forms of the relevant factor(s). In general, the supergravity equations of motion force M to have negative scalar curvature and K to have positive scalar curvature (in order to be able to take K to be hyperbolic space exotic supergravity theories need to be considered).
AdS × S is an example of a spacetime manifold in which all curvature invariants (including differential invariants) are constant. Indeed, it is even a Kundt spacetime; i.e., it is a CSI K spacetime. There are many examples of CSI spacetimes in the Freund-Rubin M × K supergravity set. K could be a homogeneous space or a space of constant curvature.
The question then is whether these CSI solutions preserve any supersymmetry. Suppose that M × K is a Freund-Rubin background. The condition for preservation of supersymmetry demands that M and K admit Killing spinors (real for K (Riemannian) and imaginary for M (Lorentzian)). For K, the existence of such spinors implies that K is an Einstein space, whereas for M it must be imposed as an additional assumption. The analysis therefore reduces to determining which Riemannian and Lorentzian local metrics admit Killing spinors. The Riemannian case is well understood (at least in low dimension -for Freund-Rubin one needs d < 8), but the Lorentzian case is still largely open. For example, the amount of supersymmetry preserved in supergravity solutions which are the product of an anti-de Sitter space with an Einstein space was studied in [14] . We note that there are many homogeneous (CSI) examples of Freund-Rubin backgrounds.
More general results are possible. For example, suppose that M ×K is a FreundRubin manifold in which M and the compact K are both Einstein spaces (and the signs and magnitudes of the cosmological constants are appropriately arranged), then if M admits a conformal Killing vector (spacelike, and a negative cosmological constant) then M × K is an exact solution of supergravity [15] . In a more general sense, any CSI spacetime of the form M × K for which the Ricci tensor is of type
can be a solution of supergravity if appropriate sources exist. In addition, in general if such a CSI spacetime admits a Killing spinor, it would then give rise to a null (or timelike) Killing vector (e.g., it would be a CCNV spacetime). These spacetimes would then be of interest if there exist source fields that support the supergravity solution and are consistent with the supersymmetry.
2.2. Bottom-up approach. We want to construct as general a subclass of CSI spacetimes as possible which are generalizations of AdS × S or AdS gyratons, perhaps restricting attention to CCNV and Ricci type N spacetimes. We shall start with a seed solution and then attempt to build up an appropriate solution. In particular, we shall build subsets of CSI K and CSI F , by constructing CSI R spacetimes using a VSI seed and locally homogeneous (Einstein) spaces. Generalizations of AdS × S or AdS gyratons can be constructed in this way.
We construct a class of CSI R spacetimes from VSI and locally homogeneous spacetimes as follows [4] . We begin with a general d-dimensional VSI spacetime, with metric ds , their Weyl type is the same (III at most). By construction, all of these metrics have the same (constant) curvature invariants as AdS. Indeed, the spacetimes constructed from a CCNV-VSI (where the metric functions have no v-dependence; for example, the AdS gyraton) have a null Killing vector, which makes them attractive from a supersymmetry point of view. Note, however, that these spacetimes are not necessarily CCNV themselves. It is unlikely (although possible for special cases) that spacetimes constructed from a non-CCNV VSI will have any null or timelike Killing vector.
We then consider a (D − d)-dimensional locally homogeneous space with metric ds 2 Hom =g ab (x c )dx a dx b ; this space could be an Einstein space such as, for example,
We then take the product manifold with metric
Hom , where H and W i are now possibly fibred (e.g.,
) (i and k run possibly over all tranverse coordinates). If we take ds 2 Hom to be Euclidean space, the Ricci tensor is of type II (the Lorentzian conformal-VSI part is of Weyl type III). These are CSI R spacetimes (belonging to the higher-dimensional Kundt CSI class, CSI K ), and have been constructed in such a way as to be solutions of supergravity. There will be solutions that preserve supersymmetry. In particular, there is a subclass of these CSI R spacetimes which is also CCNV (i.e., the subclass with w 2 ≡ 1 which is constructed from a CCNV VSI).
Supergravity examples
Let us provide some explicit examples of CSI supergravity spacetimes. The examples illustrate a useful method of constructing such spacetimes and, at the same time, are interesting as possible solutions of higher-dimensional gravity theories and supergravity. All of our examples are of the form of metric (1) satisfying eqns. (2) and (3). The way these are constructed is as follows: (i) First we find a homogeneous spacetime, (M Hom ,g), of Kundt form. Since there is a wealth of such spacetimes we will concentrate on those that are Einstein; i.e., that satisfy R µν = λ g µν . (ii) We then generalise these spacetimes to include inhomogeneous spacetimes, (M, g), by including arbitrary functions W (0)
. By construction, the curvature invariants of (M, g) will be identical to those of (M Hom ,g). These spacetimes can, for example, be used as the Lorentzian piece in the Freund-Rubin construction.
Since the "background" homogeneous spacetime (M Hom ,g) is Einstein, these can be used as Freund-Rubin backgrounds, as explained. If we want to include matter, such as for example a scalar field, φ, and a set of form-fields corresponding to a certain supergravity theory, the functions W
will have to satisfy the corresponding supergravity equations involving the scalar field and form-fields. These form-fields will depend on the theory under consideration, and consequently also the corresponding field equations. In general, a form-field F , has the following boost-weight decomposition:
where (F ) b denotes the projection onto the boost-weight b components. For the Freud-Ruben solutions, the term (F ) 0 is non-zero. These components typically imply that the curvatures of the Freund-Rubin background M × K are non-zero (hence, implying R µν = λ g µν for M ).
For the CSI spacetimes, we must demand that (F ) 1 = 0. Therefore, the appropriate ansatz for the fields are
for the total space. In general, this ansatz will give boost-weight 0, −1 and −2 contributions to the supergravity equations (see [12] for details). Instead of solving the equations for each of the possible backgrounds and for each the possible matter fields (as in [12] , for which there was a managable number of cases), we will just provide a general construction how to find metrics of these types. These metrics are therefore supergravity solutions for a given set of fields, provided that the functions W (0) [16] . All of these spacetimes can be written as follows:
where {ω i } is a left-invariant metric of some subgroup
2 Note that in [16] only a non-zero H (0) was considered. The metrics presented here are thus generalisations of those in [16] .
3 If the solvmanifold is of rank one, this subgroup would be the nilpotent group corresponding to the Einstein nilradical.
and p = i q 2 i /( i q i ). The boost-weight decomposition of S (the trace-free Ricci tensor) and C (the Weyl tensor) is as follows:
• An Einstein case:
where ⊥ is the Laplacian on the transverse space, and
There is a cornucopia of examples of these metrics and the simplest one corresponds to (M Hom ,g) being AdS space (for which (C) 0 = 0). The corresponding inhomogeneous Einstein metric with H (0) = 0 is the Siklos spacetime [17] . There are a few special metrics in this class worth mentioning. A special Siklos metric is the Kaigorodov spacetime [18] which is both Einstein and homogeneous (see section 3.3). Another special homogeneous metric is the conformally flat metric:
This metric has vanishing Weyl tensor, C = 0, while S = (S) −2 .
4 Both this metric, and the Kaigorodov metric, are homogeneous Kundt metrics having identical curvature invariants to AdS.
There are many 'non-trivial' examples of this type as well. As an illustration, the following Kundt metric is a 7-dimensional regular Lorentzian Einstein solvmanifold:
where p = 1/(2 √ 2). This metric has R µν = −(3/2) g µν and can be generalised to the inhomogeneous case by the standard procedure.
3.2. Some 5D examples. Let us consider some non-trivial examples which can not be obtained by a Wick-rotation of an Einstein solvmanifold. Therefore, these are not contained in [16] and are believed to be new. The general construction of Einstein metrics of this kind is given in the Appendix.
3.2.1.
Transverse space is the Heisenberg group. The transverse space is the Heisenberg group with a left-invariant metric:
4 In addition to a (negative) cosmological constant this metric can be sourced by, for example, an electromagnetic field of the form F = 2q √ a exp(−qz/2)du ∧ dz.
Here, R µν = −(b 2 /2) g µν . The Weyl tensor decomposes as
For the trace-free Ricci tensor:
where ⊥ is the Laplacian on the transverse space. Given that H (0) (u, x k ) satisfies this equation, this is an Einstein space, and hence S = 0. The general solution to this equation can be found using standard methods (for example, separation of variables).
Transverse space is SL(2, R).
The transverse space is SL(2, R) with a leftinvariant metric:
and
Here,
Weyl tensor decomposes as
where ⊥ is the Laplacian on the transverse space. Given that H (0) (u, x k ) satisfies this equation, this is an Einstein space, and thus S = 0. The general solution to this equation can be found using standard methods (for example, separation of variables).
Transverse space is the 3-sphere, S
3 . The transverse space is the 3-sphere, S 3 , with the Berger metric:
2 )/(2b 4 )] g µν , and hence, can be positive, zero or negative. The Weyl tensor always decomposes as
where ⊥ is the Laplacian on the transverse space. Given that H (0) (u, x k ) satisfies this equation, this is an Einstein space, and thus S = 0.
3.3. Examples in the literature. A number of special cases of the examples discussed in the previous two subsections are known, and the supersymmetry properties of many of them have been discussed. All of the examples given below are in the subclass of CSI R spacetimes. Let us review these examples briefly.
We give in the first place an example of a CCNV CSI. In [19] the following five-dimensional metric was considered:
The transverse space is S 3 with unit radius and the function K satisfies
where ⊥ is the Laplacian on S 3 . The covariantly constant null Killing vector is ∂ v . Note that metric (10) is already in the Kundt form (1), with W
The metric (10), together with a constant dilaton and appropiate antisymmetric field, is an exact solution to bosonic string theory 5 
.
The next two examples are not CCNV, but are constructed from a CCNV VSI (see section 2.2). As such they have the null Killing vector ∂ v ; however, this vector is no longer covariantly constant due to the introduction of a warp factor. Recall that if the VSI seed metric is Ricci flat they are Einstein spaces. The first example is the d-dimensional Siklos spacetime
where i = 1, . . . , d − 3. The Siklos metric can be cast in the Kundt form (1) by making a coordinate transformationṽ = vl 2 /z 2 (13)
In the new coordinates the null Killing vector is l 2 /z 2 ∂ṽ. The Kaigorodov metric K d is a Siklos spacetime with H = z d−1 [18, 21] . Since it is homogeneous, it has at least d Killing vectors (but only ∂ v can be null). The Siklos spacetime is of Weyl type N .
All of the Siklos metrics preserve 1/4 of the supersymmetries, regardless the form of the function H in (12) [20] . This was previously shown for the Kaigorodov metric in [21] .
The second example is the d-dimensional AdS gyraton, with metric [8] (14)
where i = 1, . . . , d − 3 and H and W i are independent of v. In the Kundt form we have (13) but additionally
z 2 W i ; the null Killing vector is l 2 /z 2 ∂ṽ as for the Siklos metric. This is a metric of the form given in section 3.1 where the homogeneous space is AdS d . The Weyl type is III. The five-dimensional AdS gyraton has been considered in the context of gauged supergravity, and both gauged and ungauged supergravity coupled to an arbitrary number of vector supermultiplets [7] . Some of these solutions preserve 1/4 of the supersymmetry [7, 22] .
We consider now metrics of the form (5 where x a are the coordinates on S 5 . In the Kundt form we have now H (0) = H/z 2 . Such spacetimes are supersymmetric solutions of IIB supergravity (and there are analogous solutions in D = 11 supergravity) [26] . Supersymmetric solutions of this type in D = 5 gauged supergravity were given in [27] , where ds The idea of considering spaces of the form AdS × M , with M an Einstein (-Sasaki) manifold other than S n , goes back to [28] . Such spaces have Weyl type II. In [28] supersymmetric solutions of D = 11 supergravity of Weyl type II are presented where, for example, M is the squashed S 7 . Examples where M is taken to 6 We can multiply (15) by l 2 ; then r 2 = 1/l 2 is the radius of S 5 . The final example concerns a warped product of AdS 3 with an 8-dimensional compact (Einstein-Kahler) space M 8 :
These metrics with non-vanishing 4-form flux are supersymmetric solutions of D=11 supergravity [5] . Similar constructions can be found in [32] .
Conclusion
In this paper we have discussed a (sub)class of CSI spacetimes which are solutions of supergravity. We have utilized two different approaches. In the top-down approach we considered a subclass of known CSI product manifolds of the form M ×K and investigated the conditions under which they will be solutions of supergravity. In a bottom-up approach we built CSI Kundt spacetimes using a Lorentzian VSI spacetime and a known homogeneous spacetime as seeds [4] , which by construction will automatically be solutions of supergravity. We also discussed which of these CSI supergravity solutions may preserve supersymmetries.
We have explicitly constructed a number of new exact CSI supergravity solutions, some of which are generalizations of AdS × S spacetimes and AdS gyratons. Indeed, in some of the simple generalizations of AdS × S spacetimes all of the curvature invariants are identical to those of AdS × S, which may be of importance when considering higher order corrections [33] (i.e., it is plausible that these generalizations are also exact string solutions). The newly constructed spacetimes include solutions that are based on (warped) products of regular Lorentzian Einstein solvmanifolds (including the simple Siklos metric) and transverse spaces which are (D − d)-spheres (as well as squashed spheres and Euclidean and hyperbolic spaces). Finally, we have reviewed the known CSI supergravity solutions, and we have shown that they belong to the higher-dimensional Kundt class.
whereσ and β i are constants. This is automatically a homogeneous space with left-invariant frame
A set of transitively acting Killing vectors are:
where ξ G i is a set of transitively acting Killing vectors on G.
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Let R ij be the Ricci tensor of δ ij m i m j . Then
where β (i;j) = C (ij)k β k and C i jk are the structure constants of the Lie group G. We have not written down the Ricci components of boost-weights −1 and −2.
The examples essentially split into two different cases according to whether G is unimodular or not. The regular Lorentzian solvmanifolds are not unimodular and can be found using the Riemannian analysis. The unimodular case, C i ij = 0, corresponding to true 'authentic' Lorentzian solutions and have to be found on a case-by-case basis (such solutions were not considered in [16] ).
A.1. All 5D homogeneous Einstein manifolds of this type. It can be shown that all 5D manifolds of this type with (β i = 0) are given in the text or are Lorentzian versions of standard Einstein solvmanifolds. The classification of 3D Lie algebras is well-known and are enumerated I-IX using the Bianchi classification. The Lie algebras of the Heisenberg group, SU (2) ∼ = S 3 and SL(2, R) are II, IX and VIII, respectively. The above method for the other Lie algebras also gives an Einstein metric for the type III algebra; however, the metric is the same as the SL(2, R) since this also admits a simply transitive type III action.
A.2. Other examples.
There are a few other examples.
• G is the (2m + 1)-dimensional Heisenberg group. The spacetime is of dimension (3 + 2m) and metric is similar to the m = 1 case in subsection 3.2. .
